In an equilibrium three-dimensional (3D) disordered condensate, it is well established that disorder can generate an amount of normal fluid ρ n equaling to 4 3 of ρ ex , where ρ ex is a sum of interaction-induced quantum depletion and disorder-induced condensate deformation. The concept that the superfluid is more volatile to the existence of disorder than the condensate is crucial to the understanding of the Bose glass phase. In this work, we show that, by bringing a weakly disordered 3D condensate to non-equilibrium regime via a quantum quench in the interaction, disorder can destroy superfluid significantly more, leading to a steady state of Hamiltonian H f in which the ρ n far exceeds 4 3 of the ρ ex . This suggests the possibility of engineering Bose glass in the dynamic regime. Here, we refer to the dynamical Bose glass as the case where in the steady state of quenched condensate, the superfluid density goes to zero while the condensate density remains finite. As both the ρ n and ρ ex are measurable quantities, our results allow an experimental demonstration of the dramatized interplay between the disorder and interaction in the non-equilibrium scenario.
Introduction
Interaction and disorder are two basic elements in nature. Their competition has underlined many intriguing phenomena in equilibrium physics, such as the emergence of the Bose glass phase [1] . Very recently, the remarkable experimental progress of quenching ultra-cold Bose gas [2] in tunable disordered potentials [3] [4] [5] [6] has generated a surge of new interest in studying this old problem (i.e. interplay between interaction and disorder) in the non-equilibrium regime, in which the combined effects of disorder and interactions can become much more dramatic. For example, along this research line, a hot topic is the phenomenon known as manybody localization [7, 8] , although, the presence of interactions in these systems underlies their potential for exploring physics beyond that of single-particle Anderson localization [9] . It can be said that the remarkable experimental progress of an ultra-cold Bose gas under the interaction quench in tunable disordered potentials, also combining the tools of probing spatial correlation functions by new higher-resolution imaging techniques [2] , has placed these systems at the forefront [10] [11] [12] for studying non-equilibrium quantum physics per se, but also provides a potential resource for applications, ranging from quantum annealing of disordered spin systems to benchmark adiabatic quantum information tasks [13] . In this context, while a focus of theoretical research [14, 15] has been on how a disordered system relaxes after a variety of quantum quench, the non-equilibrium experiments in ultra-cold atomic system have been ahead of theory and little is known about how disorder influences non-equilibrium dynamics. We address below the problem of how to feasibly illustrate the non-equilibrium effects on the interplay between the disorder and interaction in experimentally observable quantities.
The point of this work is to investigate two fundamental and measurable quantities, condensate density [16] [17] [18] [19] or coherent density [20] [21] [22] [23] 3 and the superfluid density [24] [25] [26] [27] , in the new context of quench dynamics of a disordered BoseEinstein condensate (BEC) at three dimension (3D). From the experimental side, our work is much more in line with the recent experimental advances that make it possible for produce and probe isolated, weakly-interacting disordered quantum systems, as found in systems ranging from ultra-cold bosonic atoms [3] [4] [5] [6] , Rydberg atoms [28, 29] and trapped ions [30] to ultra-cold polar molecules [31, 32] and spin defects in solid-state systems [33] . In the theoretical point of view, central to understanding of the physics of a disordered bosonic system driven out of equilibrium by a quantum quench are the two basic concepts of BEC and superfluidity. In the equilibrium regime, the different fate of these two quantities in the presence of disorder has been crucial for the understanding of the Bose glass state [1] . In the groundbreaking work [34] on disordered 3D BECs, it is pointed out that the weak disorder can generate a normal fluid ρ n equaling 4 3 of ρ ex with ρ ex being a sum of interaction-induced quantum depletion and disorder-induced condensate deformation 4 even at zero temperature. This ratio has been later shown to be quite generic, arising also in 3D BECs with both strong interaction and strong disorder [35] , as well as in external potentials [36] . This has led to the speculation on the existence of Bose glass, in which superfluid vanishes but finite condensate survives. The present work shows that, by combining with the effect of quantum quench in the interaction, disorder can destroy even more superfluid than the condensate compared to the equilibrium case. In particular, a ratio 4 3 n ex r r  can be achieved in the steady state of a weakly disordered 3D BEC after the interaction quench. The observation that the superfluid becomes increasingly volatile in the non-equilibrium scenario to the effect of disorder implies a possibility for engineering the Bose glass in the dynamic regime, which we shall refer to as the dynamical Bose glass.
The paper is organized as follows. In section 2 we describe our microscopic model Hamiltonian for a disordered Bose gas, whose dynamics under a quantum quench in interaction can be well described within the time-dependent Bogoliubov's approximation. The effects of the disorder in the non-equilibrium scenario on condensation and superfluidity are analyzed in detail in section 3. Finally, the consequences and the proposals for optimal experimental conditions are briefly discussed in section 4.
A disordered Bose gas under a quantum quench
We consider a weakly interacting 3D Bose gas in the presence of disordered potentials under a quantum quench in the interaction. The corresponding second-quantized Hamiltonian reads [34, [37] [38] [39] H N m V g t r r r r r r
where r ( ) Y is the field operator for bosons with mass m , μ is
is the number operator and V r dis ( ) represents the disordered potential. The g (t) in Hamiltonian (1) describes the quench protocol for the interaction parameter. Specifically, we consider the case when the system is initially prepared at the ground state 0 | ( ) Y ñ of Hamiltonian (1) with g=g i at t<0 labeled by H i ; then, at t=0, the interaction strength is suddenly switched to g=g f such that the time evolution from t>0 is governed by the finial Hamiltonian (1) of H f . Accordingly, we write
and Θ (t) being the Heaviside function. Experimentally, the interaction quench in equation (2) can be achieved by using Feshbach resonance [40] .
For V dis (r) in Hamiltonian (1), we consider its theoretical realization [34] [35] [36] [37] [38] [39] via the random distribution of pinned impurity atoms described by V g r r r
with g imp being the coupling constant of an impurity-boson pair [34] , r i the randomly distributed positions of the impurities, and N imp counting the number of r i . The randomness is uniformly distributed and Gaussian correlated [38] , such that V g N V 0 imp imp á ñ = (V is the system's volume) and We shall focus on the regime of both weak interaction and weak disorder, in which Hamiltonian (1) can be well described using the standard Bogoliubov's approximation 3 The condensate density is defined by
with ψ being the BEC order parameter, while the coherent density can be defined by r lim 0
with off-diagonal long range order of the ensemble-averaged one-body density matrix [20, 21] . As pointed out in [20] [21] [22] , the condensate density in systems without translation invariance consists of a sum of the coherent density (k = 0) and a 'glassy' component (k 0 ¹ ). 4 In [34] , the authors explained n R in their equation (9) as the disorderinduced quantum depletion, which is quite misleading. The author of [35] (see the discussion of n 2 after their equation (12)) first noted that the calculated n R in equation (9) of [34] should be referred to as the condensate deformation. Moreover, Müller and Gaul [20] first developed a formal theory of calculating the condensate depletion induced by the external potential (also see [21] ). [34, 38, 41 ] and the resulting expression reads
where a a
annihilates (creates) a bosonic atom with momentum k, and ρ coh =N 0 /V is the coherent density with N 0 being the number in the coherent state. Hamiltonian (4) describes the process when a pair of bosonic atoms with momenta{k,−k} are annihilated through the two-body interaction (and vice versa), as well as the process when a single particle with momenta k is scattered by the disordered potential into the condensate (and vice versa). We point out that the last term in equation (3) of [34] does not appear in equation (4) . The reasons read as follows: such a term has been absorbed into the chemical potential in a mean-field fashion and its unique role is to ensure that the quasi-particle spectrum has no energy gap in conformity with general theorems. We emphasize that our equation (4) is consistent with equation (3) of [34] .
As the system is initially prepared at the ground state of Hamiltonian H eff (4) with g=g i , the quench from g i to g f will bring the system to non-equilibrium. For the quadratic Hamiltonian (4), the non-equilibrium dynamics can be exactly described as
being the many-body wave-function before and after the quench, respectively, and U k (t) represents the evolution operator for each momenta k. By noticing that Hamiltonian H eff with g=g f contains the operators of K a a k
which form the generators of SU(1,1) Lie algebra [42, 43] , we can obtain U k (t) as
is a trivial phase and 
= is always satisfied during the time evolution.
Two properties of the quench dynamics of Hamiltonian (4) can immediately be stated based on equation (5): (i) the first two terms on the right hand of equals sign in equation (5), which come from the disorder, are the displacement operator and play the role of deforming the condensate wave-function [20] ; (ii) the other terms in equation (5) describe the interaction-induced quantum depletion. For self-consistency, hereafter we limit ourselves in the regime where the time dependence of ρ 0 can be ignored [41] .
We conclude this section with the remark that the present study of the non-equilibrium disordered Bose gas is based on the mean-field picture and the time-dependent Bogoliubov's approximation, where the effects of quantum fluctuations have been ignored. In general, such a mean-field approach is justified if the gas parameter ρ coh a(t)
3 is small with a(t) being the s-wave scattering length. In this work, we restrict our consideration to a (weak) quench protocol with a f <a i (i.e. g f < g i ), so that the post-quench Hamiltonian has a weaker interaction strength than the initial one. As a result, if initially the condition
 is satisfied, then after the quench
 is also expected to hold. On the other hand, as emphasized by [41] , since the Bogoliubov's formalism has ignored the effect of interaction between the quasi-particles, such technique is most suitable for describing the collisionless dynamics of a condensate, and the steady state obtained within the quadratic framework can be non-thermal due to the absence of energy relaxation. Further improvement of the theoretical framework is needed to permit the treatment of the system properties for the whole range of interatomic interaction strength, from zero to infinity, as well as arbitrarily strong disorder, or to consider effects of finite temperature or phase fluctuation due to quench, which is beyond the scope of the present work. As a final comment, we note that the present experiments on the quenched Bose gases appear to be consistent with the theoretical explanations based on the timedependent Bogoliubov's theory [41] , and thus in this sense, the Bogoliubov theory remains a powerful approach to the study of nonequilibrium dynamics of BEC.
Effects of a quantum quench on condensation and superfluidity
We are now well equipped to study the time evolution of t aa 0 0
F ñ of the considered system, which is a sum of the interaction-induced quantum depletion and disorder-induced condensate deformation, given that the initial condition of 0 | ( ) F ñ are the ground state of H i . Straightforward derivation using equation (5) yields [44] (˜) [34] . Therefore, the last two terms in equation (9) present the combined effect of the interaction quench g 1 ¹ and disorder R 0 on quantum depletion and the deformed condensate in the non-equilibrium regime respectively.
We are interested in the asymptotic behavior of ρ ex (t) at the long time t after the quench (see figure 1) 
respectively. To comprehensively reveal the roles of R 0 and g, we consider three cases for numerical analysis of equation (9) , as illustrated in figure 1. (i) Firstly, we show how the quench strength g affects the asymptotic depletion. As such, we fix R 0 0 = and calculate ρ ex (t) (blue solid line), which is compared to the corresponding equilibrium depletion for a BEC with g f (blue dashed line). (ii) Secondly, to extract the role of disorder, we fix g 0 = that corresponds to a quench to a noninteracting BEC (red solid line) with disorder, and then compare t ex ( ) r with the corresponding equilibrium value (red dashed line). (iii) Finally, the combined effects of disorder and quenched interaction is illustrated by the black solid curve. In all cases, we have found enhanced depletion and deformed condensate in the asymptotic steady state compared to the corresponding case at zero temperature. This indicate that the ability of disorder (interaction) to deform (deplete) the condensate is magnified in the non-equilibrium scenario.
Compared to the equilibrium disordered 3D BEC, the increased depletion in the steady state of the corresponding system under an interaction quench can be qualitatively understood in terms of the Loschmidt echo [45, 46] . The connection between the condensate depletion and the Loschmidt echo is best illustrated in the case of R 0 = in the quadratic Hamiltonian H eff , when the Loschmidt echo can be calculated as
. By using equation (8) and figure 1(a) figure 1(a) ).
The superfluid component and the normal fluid component can be clearly distinguished from their response to a slow rotation: normal fluid rotates but superfluid does not. This is the essential concept behind typical experimental schemes to measure the superfluid density in an atomic Bose gas [24] [25] [26] . While the techniques to generate rotations in a Bose gas differ in various schemes, the key quantity measured boils down to the current-current response function t t J t J t r r r r , , , ,
being the current density of system and ... á ñ averaged with the initial ground state 0 | ( ) Y ñ. Particularly, the superfluid density s r corresponds to the response to the irrotational (longitudinal) part of the perturbation; whereas, the normal fluid density ρ n describes the transverse response, so that in an isotropic translationally invariant system, we have for the steady state of the considered BEC after the interaction quench (as the system is isotropic, we are free to choose the slow rotation around the z-axis ). Then, by using equations (5) and (7) [44], we derive the normal fluid density in the steady state of the quenched system as [49] . Now, with both ρ ex (a sum of depletion and deformed condensate) and ρ n (normal fluid density) at hand for the steady state of the considered system, we plot ρ n /ρ ex as a function of the quench strength g g g f ĩ
=
, as illustrated in figure 2 . To set a reference point, we have shown that in the limit g 1  (red dashed line), equation (12) exactly recovers the celebrated ratio ρ n /ρ ex =4/3 in [34] for a ground-state BEC with weak disorder. In comparison, the quench effect (black solid line) gives rise to significantly enhanced ratio Figure 1 . Dynamics of the ρ ex (t) in equation (9) after the quench. The solid curves are the ρ ex (t) redistribution of a disordered Bose gas following a sudden change of interactions from g i to g f via the time. The dashed curves are the ρ ex,eq at the final interaction strength in equilibrium. The blue and red curves correspond to the interaction-induced quantum depletion and disordered-induced condensate deformation, whereas the black curve describes the combined effects. The characteristic density and relaxation time are set by n ex r r , the stronger the quench is, the higher value of ρ n /ρ ex is found, and can even approach 2. Moreover, we have found that the ratio does not depend on the individual absolute value of g f and g i , but rather on their relative strength g g g f ĩ = . figure 2 shows that the ability of disorder to deplete more superfluid than the condensate is remarkably amplified when combined with the quench effect, which presents the major result of this work.
At this point, it is instructive to recall again [34] which shows that the effect of weak disorder in a 3D BEC gives rise to a ratio ρ n /ρ ex =4/3 in its ground state (ρ ex is a sum of interaction-induced quantum depletion and disorder-induced condensate deformation even at zero temperature). This ratio has the significance that it reveals the different roles of disorder in depleting the superfluid and condensate, in particular, it implies the existence of Bose glass whose defining property is the absence of superfluid density but the existence of finite condensate. We have shown above that the effect of disorder in destroying more superfluidity than the condensate is much enhanced during the quench-induced non-equilibrium dynamics, and as a result, in the steady state a ratio 4 3
n ex r r  can be achieved. In this sense we can extend the concept of the Bose glass from the ground state property of a system to the steady state property of a quenched system: in the asymptotic long time limit of the quench dynamics, the system settles to a steady state where the superfluid component varnishes but the stationary value of the condensate density remains finite, which we refer to as the 'dynamical Bose glass'.
Discussion and conclusion
We have shown that, by quenching in the interaction of a 3D BEC in disordered potential, the system can relax to a steady state where the ratio ρ n /ρ ex >4/3 can be achieved. This indicates the quench effect can significantly enhance the ability of disorder to deplete the superfluid more than to deform the condensate, and therefore, suggests an alternative way of engineering Bose Glass in the dynamic regime. Central to testing our observation is the experimental ability to measure ex r and ρ n . To our best knowledge, the direct measurement of quantum depletion of a condensate can be achieved either through the mapping of occupation numbers in the momentum space to the real space via the ballistic expansion imaging [19] or applying Bragg spectroscopy. In [19] , the possibility to use ballistic expansion to measure quantum depletion is associated with the characteristics of an optical lattice: in each lattice site, the confinement frequency far exceeds the interaction energy, and the time-of-flight images are essentially a snapshot of the frozen-in momentum distribution of the wave function at the time of the lattice switch-off, thus allowing for a direct observation of quantum depletion. In this spirit, this technology cannot be applied to measure quantum depletions of a condensate with the disorder potential in the typical ThomasFermi regime. Here, the true quantum depletion of a disordered condensate can be observed by in situ techniques such as Bragg spectroscopy. In this direction, the high-resolution imaging techniques in [50, 51] may be helpful for observing quantum depletion using Bragg spectroscopy [52, 53] .
The experimental schemes reported in [24] [25] [26] can be used to measure ρ n in both equilibrium [24] and non-equilibrium regimes [25, 26] , where the detailed schemes are limited to 2D systems and rely on a rotation of the cloud. In contrast, our model system is 3D; whereas we point out that the system studied in this work is isotropic in the space. Hence we are at liberty to choose a slow rotation with respect to any axis (say the z-axis). In such, the subsequent experimental schemes related to measuring ρ s only occur on the x-y plane. In this sense, our model system can be effectively treated as 2D by fixing the z-direction and we can follow [25, 26] to rotate the BEC in the x-y plane in order to measure ρ s . We note that in using equation (11) to determine the superfluid density, one has to specify a detailed probing approach and the limiting procedures thereof to distinguish transverse and longitudinal responses. In rotationally invariant and uniform systems, Equation (11) has been treated as a standard framework to calculate the superfluid density. It would be less advantageous, however, for nonuniform systems. In such a case, [54, 55] have given a more general expression. Despite the formal difference, these various definitions are fundamentally rooted in analyzing the linear response of a fluid to an external velocity boost. In isotropic and uniform systems, these definitions all lead to the same superfluid fraction within the linear response approximation. In the present context, both the definition in equation (11) and the definition in [54, 55] are appropriate. This can be understood by the fact that the presence of disorder potential has been accounted for through re-normalizing the scattering length and the effective mass [56] . As a result, despite the disorder potential, one can study the quantum behaviors of a BEC as if the space is homogeneous.
Finally, one concern that may arise is related to how fast the considered system can relax to the steady state. Figure 1 indicates the rapid relaxation of the one-body correlation. Let us further analyze the quench dynamics of the two-body correlation function, a quantity directly relevant for the the Bragg spectroscopy [52, 53] which has been a routine technique for studying excitations of a Bose gas. The two-body correlation function is defined as g t (˜) = + . Again, for vanishing disorder R 0 0 = , Equation (9) agrees with [41] ; whereas for g 1 = , our result is consistent with [34] . The time evolution of g 2 is presented in figure 3 , which shows a rapid relaxation to a finite value on a time scale t∼3τ MF . Both the rapid relaxation of one-body matrix in figure 1 and the two-body correlation function in figure 3 suggest that, after the 3D disordered BEC is brought out of equilibrium by a quantum quench in the interaction, it relaxes to a steady state on a timescale within the experimental reach. Our results provide the possibility to engineer the Bose glass based on a controlled dynamic scenario.
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Note added in proof. After submitting our manuscript, we became aware of the work reported in [57] , where the authors considered how to use a quantum quench of disorder in an ultra-cold lattice gas to probe the superfluid-Bose-glass quantum phase transition. In this work, we use a quantum quench of interaction in an ultra-cold Bose gas to address the possible fingerprint of dynamical Bose glass. Nevertheless, our system is very different from theirs.
